We consider the boundary value problem
Introduction
In this paper, we study the stability of positive solutions to the boundary value problem
where Δ denotes the Laplacian operator, Ω is a bounded domain in R N (N ≥ 1) with smooth boundary Bu(x) = αh(x)u + (1 − α) ∂u ∂n where α ∈ [0, 1] , h : ∂Ω −→ R + with h = 1 when α = 1, i.e., the boundary condition may be of Dirichlet, Neumann or mixed type, λ > 0 is a constant, the weight
Shivaji and his coauthors have altogether proved that if f > 0 and f (0) ≤ 0, then every non-trivial nonnegative solution to the elliptic boundary value problem
is unstable. In fact, they proved that the first eigenvalue of the linearized problem is negative, which implies instability. They first consider the monotone case, i.e., f > 0 in [1] . The non-monotone case was first proved by Tertikas [5] using sub-and supersolution . This prof was simplified by Maya and Shivaji [3] , reducing the problem to the monotone one via the decomposition of f to a monotone and a linear function. The purpose of this paper is to extend this result to Eq. (1) − (2), under certain conditions. Karatson and Simon gave a direct proof of the result in [2] . This can be summed up in the theorem below. We call a function g strictly convex (or concave) if g ≥ (g ≤), respectively, and not constant zero on any subinterval.
We recall that, if u be any nonnegative solution of
then the linearized equation about u is
where g u (x, u) denotes the partial derivative of g(x, u) with respect to u.
Definition 1.2.
We call a solution u of (4) a linearly stable solution if all eigenvalues of (5) are strictly positive, which can be inferred if the principal eigenvalue μ 1 > 0. Otherwise u is linearly unstable.
Stability results
In this section, we shall prove the instability of positive solution u by showing that the principal eigenvalue μ 1 , of the equation linearized about u is negative, the instability of u then follows from the well-known principle of linearized stability (see [4] ). Our main result is formulate in the following theorem. Proof. Let u be any nontrivial nonnegative stationary solution of (1)−(2), then from (5) the linearized equation about u is
Let μ 1 be the principal eigenvalue and let ψ(x)(≥ 0) be a corresponding eigenfunction.Multiplying (1) by ψ(x) and (6) by u, then subtracting and integrating over Ω, we obtain
But by green's first identity
and
By using (9) − (10) in (8) we get
We notice that when α = 1(then h = 1)we have Bu = u = 0 for s ∈ ∂Ω and also we have ψ = 0 for s ∈ ∂Ω. Hence,
and when α = 1, we have
By using (12) − (13) in (11) we get
Our assumption implies that uf
Hence, it is easy to see that μ 1 < 0 and the result follows (see [4] ).
Corollary 2.3. Assume that in Theorem 2.1 we have f < 0, f (0) ≥ 0 and u → g(x, u) be strictly concave and g(x, 0) ≥ 0 for all fixed x ∈ Ω, then every positive solution of (1) − (2) is linearly stable.
Proof. The proof proceeding is identical to the proof of Theorem 2.1. In fact, instead of (15) we get
but ψ > 0 for x ∈ Ω, u > 0 and hence μ 1 > 0. This completes the proof.
Remark 1.2.
Recently in [6] , the author study the stability of nonnegative stationary solutions of symmetric cooperative semilinear systems with some convex ( resp, concave ) nonlinearity condition.
